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1 Introduction 

Quite sharp sufficient conditions for ultraspherical multipliers are contained in papers 
by Muckenhoupt and Stein |15|, Bonami and Clerc 0], Connett and Schwartz 
Gasper and Trebels and Muckenhoupt []T1|. In []TT| we gave comparable necessary 



conditions for Jacobi multipliers with parameters (a,— 1/2) in the "natural" weight 
case (see 



|14| , p. 2] and below). It is the goal of this paper to develop necessary 
conditions for ultraspherical (Jacobi) multipliers and to weaken the sufficient ones 
in such a way that they are comparable with the necessary ones. This is done by 
decomposing the relevant functions into even and odd parts; thus, by the quadratic 
transformations in [|18|, (4.1.5)], reducing the problem of controlling the multiplier 
sequence {rrik} to a discussion of the subsequence {m2k} in the Jacobi case (a, —1/2) 
with natural weight and of {m2k+i\ for the parameters (a, 1/2) (with an additional 



weight). An essential tool is Muckenhoupt's P| transplantation theorem. 



To become more precise let us introduce some notation. In view of the above it is 
reasonable to work within the framework of Jacobi expansions — the conversion to 
the standard notation for ultraspherical polynomials given in |]I8| , (4.7.1)] does not 
change the involved multiplier spaces. 
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this author was supported in part by the National Science Foundation under grant DMS-9401452. 
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Fix a > P > —1/2 and let L^^j^^,! < p < oo , denote the space of measurable 
functions on [0, vr] with finite norm 

do , 



If a = 6 we use the abbreviation = L'^^^^y The "natural" weight case for ex- 
pansions in Jacobi polynomials (when there is a nice convolution structure) is the 
case when a = a, h = (3. Define the normalized Jacobi polynomials by r!^'^\x) = 
Pt'^\x)/Pt'^\l), where P^'^^ (x) is the Jacobi polynomial of degree k and order 
{a,P), see [|18|. For / G L^a/3)y fc-th Fourier- Jacobi coefficient f{a(3){k) is defined 

by 

= jf'/(9)4''"(coB9)(=in|)^"*'(cos|)'**'dO. 
Then / has an expansion of the form 

oo 
k=0 

where the normalizing factors /i^"'^'* are given by h\^'^^ = ||i?^"'^^(cos ||^2 ~ 

(a,;3) 

(k + (here the ~ sign means that there are positive constants C, C such that 

C"4"'^^ <{k + 1)'°+' < C4"'^^ holds). 

A sequence m = {m^j^Q G l°° is called a multiplier on L''^ab) with respect to an 
expansion into Jacobi polynomials of order (a,/3), notation m G M^a/3y{ab) ' 
each / G there exists a function T^/ G j,^ with 

oo 

T„/(0) r.Y^rn,f\^^,^{k)ht''>R^t'\cose) , ||T„/||l^^^^^ < • (1) 

k=Q 

The smallest constant C independent of / for which this holds is called the multiplier 
norm of m and is denoted by llmlLfP . li a = 3 and a = 6, we write Mp.„. 

Now decompose a function f & into its even part /e and its odd part fo with 
respect to the line 6 = 7r/2: 

f^{e) = {f{e) + f{7r-e)}/2, fo = f-fe. 

Obviously, this decomposition is unique and there holds for the Fourier-Jacobi coef- 
ficients (observe that R^j^'"\x) is even when k is even and odd when k is odd) 

rry (A;), even . . ,m - / ° ' ^ (2) 

Ue) ia,am " | q , A; odd ' ("'"^^^^ " \ (A;) , k odd. 
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Furthermore, 

II/IIlS < Wfehl + Wfohl < 2\\fhi , 1 < p < oo . (3) 
In particular, the uniqueness theorem shows that 

oo 

feid) - E /(a,a)(2A;)/.(r^i?(r^(cOSe) , (4) 
k=0 

oo 

m - E fia,a){2k + l)h^^l\R^^%OSe) . (5) 
fc=0 

Given a sequence m — {nik} it is clear by the above that its M^.Q,-multiplier norm is 
equivalent to the multiplier norm of m restricted to the subspace of even -functions 
(with respect to the line 9 = 7r/2) plus the multiplier norm of m restricted to the 
subspace of odd L^-f unctions, i.e., 

lhllM„% ~ II^IIms.j + W'^Ku • 

" ' " I even "'"load 

We can now state our first theorem. 



Theorem 1.1 Assume a > —1/2 and define subsequences nie and rUo of a given 
sequence m by {me)k = rn2k, {mo)k = "^2fe+i, k e Nq. 

fly* -(fl<P<cxD, then there holds 

II llA^S;aL,,„ II ^ll^(a.-l/2);(a.-l/2) ' 

II ll-^S;a|odd °ll^(a,l/2);(a,(p-l)/2) ' 

whenever one side in each of the equivalences is finite, 
b) If 1 < p < oo, then 

II IMW„.„ II eilJW^^ _^^2);(a,_l/2) II °ll-'^^(a,-l/2);(a,-l/2) 

We will combine Theorem 1.1 with known sufficient criteria and necessary ones. To 
this end define the fractional difference operator of order /i, e R, with increment 
K e N by 
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whenever the series converges; when k = 1 we write A'^ = Aj*. An apphcation 
of the multipher criteria from Theorem 4], [[TI] , (3.8)] as well as of Askey's |l| 
Marcinkiewicz multiplier theorem for Jacobi expansions to the sequences rrie and rrio 
and the observation that 



2N -1 

+ sup KA^ + irA^m^r— — 



2N 2N 1 

||m||^+ sup \{k + ir^'irn,)k\'T—T+ sup ^ + If A''(m,),r-— 

AfeNo ft + i ATgNo k=N fc + i 

immediately lead to 



Corollary 1.2 Let a > —1/2, 1 < p < oo, and let {m^} & be a given sequence, 
a) If m satisfies for fi > max{{2a + 2)\l/p — l/2\, 1/2} the condition 

||m|U + _sup ( E + ^T^2mk\^^:^) < < oo , 



then m G M^.^ and ||m|L/p < C D. 
h) If me MP.^, then 

2N 



||m||oo+ sup {Y \ik + ly ^2^kf T^y^^ < C\\m\\Mg.^, 

where v < (2a + l)|l/p- 1/2| and 1/p+l/p' = 1. 
c) If m satisfies the condition 

2N 



\m\\oo + 



sup (y \^2mk\] <D* < 



then m E M^.^ if 1 < (4a + 4)/(2a + 3) < p < (4a + 4)/(2a + 1) < oo and 
llmL.jp <CD*. 

The constants C in the above statements are independent of the sequences m. 



Remarks 1. The smoothness gap between the sufficient conditions in a) and the 
necessary ones in b) is essentially the gap which occurs in Sobolev embedding theorems 
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(for the analogous result in the case of difference operators with increment 1 see 0, 
Theorem 5b]). 

2. We note that, in particular, Corollary 1.2 b) for half-integers a = [n — 2)/2 
contains necessary conditions for zonal multipliers for spherical harmonic expansions 
(for the relevant notation and sufficient criteria see Strichartz |T7|). 

3. Using the method which leads to Theorem 1.1 and its Corollary one can easily 
deduce weighted analogs. In the case p = 2 and c > there holds 

||mLr2 ^ ||me||/v/2 + ||mo||A/2 

II ''-'"a;a + c " 1 1 (a, - 1/2) ; (a + c, - 1/2) H 1 1 (q , - 1/2) ; (a + c, - 1/2) 

provided the hypotheses of Muckenhoupt's transplantation theorem are satisfied, i.e., 
(c+1 — a)/2 is not a positive integer and the multipliers are defined on those subspaces 
of L^+c-functions for which f[a,a)ik) = 0, < A; < max{0, [(c+ 1 — a)/2]} — 1. Now a 
characterization of multipliers for trigonometric series on weighted L'^{—7[, 7r)-spaces, 



due to Muckenhoupt, Wheeden and Young |jT6|, Theorems 10.1 and 10.2], (restricted 
to even functions) can be used to give 

||m||A^2 ^\\m\\^+ sup ( ^ |(A; + l)'^A2mfc|^-— — ) , 

provided c satisfies the condition / + 1/2 < c < I + 3/2, / G Nq. 

2 Proof of Theorem 1.1 

The reduction of ultraspherical multipliers to Jacobi multipliers with f3 = —1/2 or 
1/2 is accomplished by the transformation formulas in |T^, (4.1.5)], 

RiT\cos9) = 4"'"'/') (cos 2^), Ril'^licosO) = cos ^ 4"''/'^ (cos 2^). (7) 

The relevant Fourier-Jacobi coefficients are connected in the following way: 

2'"+'(/e)W)(2^) = [/e(^/2)] K-i/2)(^) =: A, k G Nq, (8) 

2'"+'(/o)W)(2fc + 1) = [/o(^/2)/cos(^/2)]"(„,i/2)(A;) =: 5,, k e Nq. (9) 
Furthermore, elementary computations give 

^(«,«) ^ 2'-^'ht-'^'\ ||/,||,. ^ ||/,(^^/2)|U.^_^^^^ , (10) 

hizl = 2'-^'ht^'''\ ^ \\uei2)i{cos{e/2)fn,.^^^^^,^ . (11) 
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This inserted in (||) and leads for / = /e + /o a cosine polynomial (i.e., a polynomial 
in powers of cos 6) to 



m = E A,4"'-^/^)4"'-^/^)(cos2^), (12) 



k=0 



Ue) = Y.B,ht"^\oseRt"^\cos2e). (13) 



fc=0 



Thus it follows from (|T2|) and <^ that 



k=0 

00 

- II E ^2.^,4"-'/'^ i?r'-^/'^(cos^^)iu._^^^^ 

fe=0 

< CllmelU,^ ||/e(^/2)|Up 

(Q,-l/2);(a,-l/2) (ci,-l/2) 

~ II^^bIIm'' ll/elli*' 

which implies 

llWfcjII p I <C||me||M'' • 

JWdiQlj^^pn (o!,-l/2);{ci,-l/2) 

The converse is proved analogously by just starting with || J2^2k • • • IIl*" ! thus 

(a, -1/2) 

the even case of part a) is established. 

Concerning the odd case, (|l^) and (pJ]) give analogously 

ll^m/ollLg ~ II E"^2fc+l5fc4°'^^^^ (COS^)^ ^^^i?l"'^/^^(cOS^)||iP^_^^^^ 

< C||m,|U,. ||/„(^^/2)(cos(e/2))-2/^|U. 

(a,l/2);{a,(p-l)/2) (a,l/2) 

~ II"^o||mp , ,,,,JI/o||ls, 

(a.l/2);(a,(p-l)/2) 



thus 



|m|| I < C||mo||MP 

''^^ -|odd~ ""^^■'(c«.l/2);{c«,(p-l)/2) 



The converse inequality is shown along the same lines, thus Theorem 1.1 a) is estab- 
lished. 



Concerning part b) we apply Muckenhoupt's transplantation theorem |T^, p. 4] twice 
to obtain for any sequence {ck} of compact support, a > —1/2, and 1 < p < oo, that 

oo oo 

|li:c.4-"='4'-'-"='(co=9)|Uf. « lli:c.4'"='4'"='(cos9)|Uf,,, 

k=0 k=0 
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which in particular imphes 

^(a ,-l/2);(a,-l/2) = ^{a,l/2);{a,{p-l)/2) ' 1 < P < OO. 

A combination of (^) with part a) now gives part b). 



3 Necessary conditions for Jacobi multipliers 

Here we give a second proof of Corollary 1.2 b) which has the advantage that it also 
gives an extension to the general Jacobi case (a,/?), — 1/2 < < a; we note that 
the case P = —1/2 has already been discussed in [jTT|. On account of the duality 
;(«,/?) - 1 < P < OO, wc cau restrict ourselves to the case 1 < p < 2 

without loss of generality in the following (the case p = 2 is trivial). 

Theorem 3.1 Let -1/2 < (3 < a , 1 < p < 2, u = {2f3 + l){l/p - 1/2), and 
/i + z/ = (2a + l)(l/p- 1/2). 

a) If f E ^\a(5) ^ cosine polynomial, then for some constant C independent of f 
there holds 



(E|A^A'^(4"'VK/^)(A:))r') <C||E4"'Vk/3)W4"'^(cosi 



fe=0 fe=0 

b) Ifme MJ'^^^).(„^^) , then 

2N 



TP 



1 1 / ' 

|m||oo+sup(^ |(A: + l)^+'^A^A^mfcK-— ) < C||m|U,. 



Remark 4. Part b) is a nearly best possible necessary multiplier condition: one 
regains (up to the critical index) the right unboundedness domain for the Cesaro 
means (see also the following remark); but this example leaves open the possiblity to 
increase u at the expense of the exponent p', which would have to be replaced by some 
q < p' (Sobolev embedding). That this is not possible is shown by the further example 
m = {i^{k + 1)"°^}. An application of part b) to m (with p' replaced by g < p') yields 
that m cannot generate a bounded operator on if p < {2a + l)/(cr + a + 1/2), 
which coincides with a result of Askey and Wainger P, Theorem 4, ii)]. There it is 
also proved that m generates a bounded operator when (2a + l)/ {cr+a + 1/2) < p < 2. 
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5. We recall that the particular case a = a > —1/2, (3 = h = —1/2, p < (4a + 
4)/(2q; + 3) of the general Cohen type inequality for Jacobi multipliers due to Dreseler 
and Soardi is an immediate consequence of formula (3.8) in So it is not 

surprising that Theorem 3.1 b) in the case of a finite sequence {m^j^Q now implies 
the corresponding result for —1/2 < (3 < a. Obviously, the dyadic sum in part b) 
can be estimated from below by the single term k = N and AgA'^mAr = rriN. A 
computation of the occurring (A^ + 1) powers immediately leads to 

{N + l)(2"+2){i/p-i/2)-i/2|^^| < C\\m\\Mr , 1< p < (4a + 4)/(2a + 3). (14) 

{a,/3);(a,/3) 



We mention that, by a different method, Kalnei has obtained a lower bound for 
finite sequences in the case p = 1, a > —1/2, a > /? > —1, which even reflects 
logarithmic divergence and in particular implies the missing case p = 1 in (p^. 
Kalnei's lower bound is of different type than the one given in Theorem 3.1 b). 



Proof. First we note (cf. |Tl], p. 249]) that for /i > and < ^ < vr 

cos ke = -J2 Aj^-\e'^''+^^' + e-^('^+^')^) 

= -{e'''\l - e'Y + e-'''%l - e"^^)^) = (2 sin cos ((A; + /i/2)^ - /x7r/2) 
2 2 



= (2 sin -)^{cos(fc + /i/2)6' cos ;U7r/2 + sin(A; + /i/2)6' sin /i7r/2}. 

Analogously it follows that for z/ > there holds 

A^ cos(A; + fx/2)9 = (2 sin^)^ cos {{k + /i/2 + u)9 - 

A^ sin(A; + fi/2)9 = (2 sin^)'" sin ((fc + fi/2 + u)9 - un/2). 
Hence we obtain the following (L^, /°°)-estimate for a trigonometric polynomial / 

lA^A'^a.l <c|j/(0)|(sin^)'^^'(cos^)'ci^, (15) 

where = Jq f{9) cos k9d9. For a corresponding (L^, Z^)-estimate we observe that 

A^A'^afc = £ f{9) ( sin ^)"^'( cos {gi{9) cos k9 + 92(9) sin k9) d9 =: Ck + Dk, 

where the continuous functions gi are linear combinations of sin c6' and cosc^, c de- 
noting different constants depending only upon /x and u. If we now consider functions 
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/ with f{6)(^sm^^ (^cos|^ G L^(0,7r) and observe that the systems {sinfc6'} and 
{cosA;6'} are essentially orthonormal, it follows by the Parseval formula that 

oo /CO CO\„^ f) I fl 

E lA^A^a.p < C E l^^l' + E l^^n <C \f{e){siniy^\cos'-y\'de. 
k=o \k=o k=o J -Jo / ^ 

(16) 

The Riesz-Thorin interpolation theorem applied to (^) and (^) gives for 1 < p < 2 
the Hausdorff- Young type inequality 

(£ lA^A-a.ry/^' < C{ [ \takCo.ke[si.'^'^\coJ^ydef\ (17) 



If one transplants this inequality for the cosine expansion (which corresponds in the 
Jacobi setting to the parameters (—1/2, —1/2) ) to arbitrary Jacobi expansions with 
parameters (a,/3),— 1/2 < 13 < a, then in L^-spaces with natural weights one has 
to check the hypotheses in Muckenhoupt's transplantation theorem jn], p. 4]. For 
1 < p < 2 this leads to the restrictions i/ = (2/3 + l)(l/p - 1/2) > (hence 13 = -1/2 
is not admitted) and /i + z/ > 0, /i = 2(a — (3){l/p — 1/2). Now choose 



/(^)(sm-j (cos-j (pl >{e)de = sl 'f(aMk), 
where we use the Muckenhoupt notation ||T^ (2.2)] 

^<-« (g) = 4-''>p(-''>(co= ff) ( rin ^) -'"X COB '-f'" 
with t^,"'^"* = s]""'^^ / Plf'''^\l) . Then Muckenhoupt's transplantation theorem gives 



{J^ I '^akCosk9^(^sm-y'^^^ ''(cos-)^ d9j 

< c{ /; I tyr(e)\'{>^i^^ ^)'"'*'"(coB '-y'dsf 

A combination with (^) gives part a) of Theorem 3.1. 

Concerning part b), consider a C°°-function x(x) with 

if 0<x<l/2 
X{x) = { 1 if 1 < a; < 4 , Xi{x) = x{^~'x) , 
if x>8 
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and an associated test sequence {(s^"'^'') ^Xi{k)}- Then, by 0, Theorem 2], it is not 
hard to see that 



oo 



fc=0 

By part a) and the hypothesis m G M^af3)-(ai3) have that 

2'+^ -, , / oo , , , 

( Y: |A^A^(m,x.(A;))r') < (E |A^A^(m,x.(A:))r') 

k=2' k=0 

oo 

fc=0 

oo 

<^ll"^llMf ,JlE(4"'V^x.w4"'^4"'Hcos^)lU. 

fc=0 

whence by (|^) 

2'+l 1 ; 



fc=2> 



with the right side independent of i. The final statement b) now follows along the 
lines of the proof of |T2| , Lemma 2.3]. 

Remark 6. Of course one can state analogous to part b) the same necessary condi- 
tions for the above considered cosine expansions in weighted L^-spaces by applying 
once more Muckenhoupt's transplantation theorem. Observe that then multipliers 
only make sense for those functions whose first N coefficients of the cosine expansion 
vanish; here = max{[(a + l/2)(l/p- 1/2) + l/2p+ 1/2], 0} + max{[(/3 + l/2)(l/p- 
l/2) + l/2p + 1/2], 0} . 



4 Criteria for integrable functions 

First we consider the problem: Given a sequence {fk}, what are sufficient conditions 
satisfied by {fk} such that the fk are Fourier- Jacobi coefficients of an L^-function 
/? Via the transformation formulas in (|^) we briefiy give improvements of known 
criteria. We start with a Parseval relation. 

Proposition 4.1 Fix a > -1/2 and let f{e) = E (A;)4"'"^^i"'"Hcos^) be a 
finite sum (i.e., a polynomial in cos9). 
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a) If -1/2 < < a + 2, then 

oo 
A;=0 

b) If fi > —1, then the converse holds, i.e. 



k=0 



For the proof we have only to observe that by (0) and (|TBp 

I-tt/2 



|/(^)P(sin^)2("+'^)+irfe; 
Jo 



(.,-1/2) ^(.,-1/2)^^^^ 



(|/eWr + |/oWP)(sin^)2(-+'^)+M0 

2/ . 9\2{a+^i)+l 



de 



(«,l/2)p(a,l/2), 



cos( 



k=0 



2/ . 6'N,2(a+/.)+l / 61x2 

sm - j cos -J du . 



Then [|T0], Theorem 1], whose proof extends to the case > —1/2, can be apphed 
to the two terms of the right side, and the assertion follows after noting that 

CO oo oo 

k=0 k=0 k=Q 



Theorem 4.2 Let a > —1/2 and fi > a + 1. If {ck} is a bounded sequence with 
lim^^oo Cfc = and 



oo 2J-1 ,„ oo 2J-1 ,„ 

E( E +E( E ^-^l^'^A^c.r) < ir,.,, 



t/ien i/iere ea;zsfo an f ^ L\ with f(a,a){k) = ct for all k G Nq and < C'/Cjc;.} . 

The proof follows from Proposition 4.1 a), analogous to that of |TD|, Theorem 2 a], or 
directly from |iy. Theorem 2 a] by the same method used for Proposition 4.1. 

Next we give another simple sufficient multiplier condition which is not comparable 
with Theorem 4.2 — see the discussion in 111 Oil. 
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Theorem 4.3 Let a > —1/2 and fi > a + 1/2. If {ck} is a bounded sequence with 
liiiifc^oo Ck = and 



Y^{k + ir\Ai^^'ck\<K 



k=0 



then there exists an f & L\ with f\a,a)ik) = Ck for all k G Nq and < ^^{ck} ■ 

Split the sequence {ck} into the two subsequences {ak} and {bk}, where = C2k , bk = 
C2k+i, and observe that 

oo oo oo 

fc=0 A:=0 k=0 



Now one can fohow for each subsequence the proof of |11, Lemma 1]. The assumption 
there that the sequence has compact support is not used in |jTl], (3.5)]. First observe 
that 



j=0 

which is proved in [ll8| , (9.41.1)]. Thus the series 



I hAL,/At)hf'-'^'^Rf''''/'\cos9)\{sin ^-f'-^'dO < K, /. > a + 1/2 



oo k 
k=0 j=0 

converges a.e. to a function fi G Lja-i/2) with coefficients (/i)"(a,-i/2)(^) = cik = C2k- 
Analogously one deals with the sequence {bk} to which one associates the function 

oo k 

f2{9) = Y.A'k^^^'bkY.{KJA^,)hf''/'^Rf^"'\cose). 

k=0 j=0 

To deduce that /2 G L^a,o) needs the following boundedness result concerning the 
Cesaro kernel 



£ I E(^L,/^D/^f ''^'^^f ''/'^(cos^)! (sin ^)'"'"' cos^- d9<K, ^, > a + 1/2, 



which follows by a slight modification of Szego's proof — note that by the third 
case of [H, (7.34.1)], J^/^ |P^"'V2)(cos^)| cos^/2d^ = 0{n-^/^), so that the right side 
estimate in |TB|, (9.41.2)]) remains valid, as does the rest of the proof in [|T^]. To 
complete the proof it suffices to set f = fe + fo with fe{0) = fi{29) and fo{0) = 
cos9f2{29), and to use (§) and (|Tg) - (0). 
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Let us turn to the question of necessary conditions. As in Sec. 1 decompose a co- 
sine polynomial / G into its even and odd parts with respect to the line 9 = 
7r/2: / = /e + /o, and set /i(^) = Me/2). Then, by (D, := (/i) K-i/2)(fc) = 
2^"+^(/e)"(a,a)(2A;), and ^ (3.2)] gives for a > -1/2, z/ > 0, that 

sup\{ht-'^'Y'A'^A,\ ^ sup |(4rV/'A^(/,)V,a)(2fc)| 



Jo 



Similarly, from the case a > —1/2,(3 = 1/2 of 0, (3.2)] (it extends immediately 
to this case) applied to the function f2{0) = /o(^/2)/ cos(6'/2) and the fact that 

Bk ■■= (/2) Kl/2)(fc) = 2^"+^{fo)\a,a){'^k + 1) WC get 

sup |(4"'^/^V/2A^i?,| ^ sup |(/^Sv1)'/'A2(/o)"(a,«)(2A: + 1)1 

k k 

Jo 

Combining these two estimates gives the inequality 

sup |(4"'"V/'A2/(a,a)(fc)l <C r lismer^-'^'/'fmde. (19) 



Since h^^'"'^ ~ (/c + l)^""*"^', application of the Riesz-Thorin theorem to (|T^) and 
Proposition 4.1 b) yields part a) of 



Theorem 4.4 a) Let I < p < 2,a > —1/2, and u > 0. If f is a cosine polynomial, 
then the Haus dor ff -Young type inequality 

(E + i)"^'/'A2/K«)(^)rT^'' < c{ r i(sine)"+^+vv(^)r rf^)'^' 

fc=o ■^^ 
holds. Also, if f E Ll^ then 

sup \ik + l)-+V2Ar'/'/(«,.)(^)l < CII/IU. , 
fceNo 

which gives a necessary condition for a sequence to be the sequence of Fourier- J acohi 
coefficients of an L\,-function. 

b) If < u < a + 1/2, then 

oo 

E(A; + ir'|A^/(.,.)(A;)|<C||/|Ui. 

A:=0 
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Remark 7. The case p = 1 of Part a) contains a Cohen type inequahty for ultras- 
pherical expansions. The assertion in part b) does not follow from part a): Observe 
that in general for < u < a + 1/2 there only holds 

sup \ik + 1)'^A2Vk-)(^)I <Csnp\ik + ir+'/'A-^^'/'f^^^^^ik)] 

fcGNo fcGNo 

(consider e.g. the sequence {fc*'''} ,7 G R, fixed); then it is clear that the estimate of 
part a) would lead to the diverging harmonic series I] + 1). 

The proof of Theorem 4.4 b) is an immediate consequence of 

Lemma 4.5 Let a > -1/2, < u < a + 1/2, and < 9 < n/2. Then there holds 

a) |A^4"'"Hcos^)| < C(sin^)% 

b) |A^4"'"^(cos^)| < C {smey-'^-'/^ik + l)-"-i/2^ 

where in b) it is additionally assumed that u > [a + 1/2]* if a > 1/2. Here we use 
the notation [a]*, a G R, for the greatest integer smaller than a, [a]* < a. 



For suppose that Lemma 4.5 is true. Obviously, 

00 00 

5:(fc+iri|A^/(.,„)(fc)i<cii/iu. sup Y.ik+^r-'\^2R^r\^ose)\. 

k=0 0<6l<7rj!j^0 

On account of the symmetry of the ultraspherical polynomials (in each difference all 
the polynomials are even or all are odd with respect to the line 6 = vr/2) we may 
take the supremum over < 6 < tt/2. Now decompose the interval [0,7r/2] into 
intervals Ij := [2^^^^n,2^^n] , j G N, and consider 9 G Ij. If we set Nj = p-'/vr], 
then < C < Nj sin 6 < C < 00 uniformly in j. It then follows by the above two 
estimates that 

00 

sup ^ (A; + l)'^-! I A^4"'"^ (cos 9) \ 

Nj 00 

< C{sm9Y ^(A; + 1)'^"^ + C{sm9y-''-^/^ E ('^ + 1)^"""^/^ < C. 

k=0 k=Nj 

The convergence of the last series is ensured by the hypothesis u < a + 1/2] thus 
the assertion holds for := [a + 1/2]* < u < a + 1/2. The extension to all 
< u < a + 1/2, is straightforward. It is clear that \f{a,a){k)\ < since 
\R^^'°'\cos 9)\ < 1 for a > —1/2. Thus proceeding as in p. Lemma 1], in particular 
using the Andersen formula for bounded sequences {ak} 

A^+'^afc = A^(A''afc), k > 0, X > -1, k + X > 0, 
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one obtains for min{0, ao — 1} < u < ao 

oo oo oo 

j:{k+ir-' I a7k«) (k) \<cy: ai-' \ e ^ -^r-' a"V(.,.) (j) i 

k=0 k=0 j=k 



j=o fc=o i=o 

Iteration of this procedure gives the assertion. 

Proof of Lemma 4.5. Mehler's integral [0, 10.9 (32)] and the formula for the 
fractional difference A2 cos(/c + fi/2)6 preceding give 

A^4"'")(cos^) 

= C„(sin / (cos (j) - cos e)'''^/\2 sin (pY cos{{k + a + u + l/2)(j) - z/7r/2) . 

JO 



Hence 



|A^4"'"^(cos0)| < C(sin^)-2°^' ( 



. e + (l) . 9 

sm sm — 

^ 2 



a-1/2 



sin< 



< C(sin0)-"-i/2 
fe/2 







/ . e-4 




7„ + 










"'61/2 . 







sm I 



rO/Z ft) 

<C{sm9)-^ 0^# + C(sin^)'^-°-i/M 
Jo Je/ 



/o Je/2 ' 

since a > — 1/2 and < < 7r/2; thus part a) is established. 



The case z/ G N of part b) has already been shown by Kalnei [0, Lemma 3]. Since it 
is clear by part a) that b) holds ioi < 9 < c/{k + 1) for fixed c > 0, without loss of 
generality we may assume n/k < 9 < 71/2, k >3. Obviously, 



A^i?i"'"^(cos^) = C{sm9Y~''~^/^I^^,{9; k), 



where 



T /n 7\ /COS0 — cos6'\Q-i/2 /sin0\i^ , , /„\ , 

IaA^]k)= ( (— ^ COS fc + a + z/ + l/2 </.-z/7r/2 rf( 

JO ^ smt7 ^ ^smb'^ 

Now write 

cos((fc + a + v + 1/2)0 - vk/2) 

= cos((a + u + 1/2)0 — 1/71/2) cos k(f) — sin((a + u + 1/2)0 — vti/2) sin kcj) . 
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The idea for obtaining the (fc + l)^"^^/^ decrease is to interpret the preceding integral 
as cosine and sine coefficients of functions which satisfy appropriate L^-Lipschitz 
conditions. Then formula (4.2) in Chap. II] and iterated integrations by parts of 
sufficiently high order give the desired [k + l)-decrease. 

Let us ffist look at the case —1/2 < a < 1/2 and set 



cos — COS t 



Then 



(1^)' if 0<<l><e<n/2 
if 9 < d) < n . 



Iau{9',k) = / Ga u-e{4>) cos{{a + u + l/2)(j) — ^71/2) cosk(j) d(j) 
Jo ' ' 

— / Ga z/-6»(0) sin((a + z/ + 1/2)0 — z/7r/2) sin A;0 (i0 . 

Since cos((a + z/ + 1/2)0 — i>-n/2) and sin((a + z/ + 1/2)0 — z/7r/2) are bounded C°°- 
functions we can clearly neglect them when discussing the smoothness of Ga,u;e{4')- 
Elementary, though tedious, computations show that 

r \G^,,,e{4> + G^^,,em < GS'^+'Z^ 0<S<9, 9>7i/k. 
Jo 

Now formula (4.2) in |T^, Chap. II] (adapted for sine and cosine expansions) gives 

IaA0-,k)<G{k + l)-^-'/\ 

which yields assertion b) in the case —1/2 < a < 1/2. If 1/2 < a < 3/2, an 
integration by parts leads to 

laA^; k) = - ^ f G'^^^A'i') sin((A; + a + z/ + 1/2)0 - z/7r/2) d0. 

k + a + v + l/2Jo 

An examination of the derivative G'^ y-ei'P) shows that it has at least the same smooth- 
ness as Ga-i,,y;e(0). Hence again I^A^'^k) < C{k + i)-<^-i/2 _ An iteration of this 
procedure finally shows the assertion b) of Lemma 4.5 to be true for all a > —1/2. 
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